Let (M, g) be a compact Riemannian surface without boundary, W 1,2 (M) be the usual Sobolev space, J : W 1,2 (M) → R be the functional defined by
Introduction

A review of a result of Ding-Jost-Li-Wang
Let (M, g) be a compact Riemannian surface without boundary, h(x) be a smooth function on M. Suppose the area of M is equal to 1. In [3] , Ding, Jost, Li and Wang studied one of the Kazdan-Warner problems [6] , existence of solutions to the equation
where ∆ denotes the usual Laplacian on M. Their method of solving this problem is calculus of variations. Namely, they tried to minimize the functional
in the function space
To show that J is bounded from below, they considered subcritical functional
for any ǫ > 0. It is not difficult to check that J achieves its minimum in the function space H 1 .
The minimizer u ǫ satisfies the Euler-Lagrange equation
By the elliptic regularity theory,
There are two possibilities: (i) there exists some constant C such that λ ǫ ≤ C for all ǫ > 0; (ii) λ ǫ → +∞ as ǫ → 0, i.e., u ǫ blows up. In case (i), by applying elliptic estimates to (2), they proved that u ǫ → u 0 in C 1 (M) and that u 0 is a minimizer of J in H 1 . In case (ii), they assumed that u ǫ (x ǫ ) = λ ǫ and x ǫ → p ∈ M. Here and throughout this note, sequence and subsequence are not distinguished. Choose a local normal coordinate system around p.
, where ϕ satisfies
where
Moreover, they proved that
In a normal coordinate system around p one can assume that
where r(x) = dist(x, p). Furthermore, using the maximum principle, they analyzed the neck energy of u ǫ . Combining all the above analysis, they concluded that if u ǫ blows up, then
In other words, if (5) does not hold, then u ǫ would not blow up and thus C 1 -converges to a minimizer of J. Then the proof of existence result for (1) was reduced to constructing a sequence of functions φ ǫ satisfying J(φ ǫ ) < C 0 for sufficiently small ǫ > 0. They proved that this is true provided that (6) is satisfied, then the equation (1) has a smooth solution.
An improvement
Checking the proof of ( [3] , Theorem 1.2), we find that the hypothesis h(x) > 0 for all x ∈ M is only needed in solving the bubble ϕ from (3) The method we exclude the possibility that u ǫ blows up at some zero point of h is based on a concentration lemma of Ding-Jost-Li-Wang [4] .
Before ending the introduction, we mention two related works also about the existence results of mean field equations at the critical parameter. Lin-Wang [7] obtained a sufficient and necessary condition under which the mean field equation on a flat torus at the critical parameter has a solution. Bartolucci-Lin [1] considered the existence of mean field equations at the critical parameter on multiply connected domains in R 2 .
Preliminaries
The Trudinger-Moser inequality
We state a Trudinger-Moser inequality, which plays an important role in the Kazdan-Warner problem (1).
Lemma 2. ([5, 3]) Let (M, g) be a compact Riemannian surface. For any u
where C M is a positive constant depending only on (M, g).
The concentration lemma
The key tool we use to solve Theorem 1 is the following concentration lemma due to DingJost-Li-Wang. (M, g) 
Lemma 3. ([4]) Let
Proof of Theorem 1
Proof of Theorem 1. Let ǫ > 0, we consider the functional
By Lemma 2, J ǫ is coercive and bounded from below, so it attains its infimum in H 1 at some u ǫ ∈ H 1 . Clearly, u ǫ satisfies the Euler-Lagrange equation (2), i.e. 
